Phase Behavior of Weakly-segregated Multiblock Copolymers with Two-scale Periodic Architecture by Kuchanov, Semion et al.
  
 University of Groningen
Phase Behavior of Weakly-segregated Multiblock Copolymers with Two-scale Periodic
Architecture
Kuchanov, Semion; Pichugin, Vladimir; Brinke, Gerrit ten
Published in:
Europhysics Letters %28EPL%29
IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.
Document Version
Publisher's PDF, also known as Version of record
Publication date:
2006
Link to publication in University of Groningen/UMCG research database
Citation for published version (APA):
Kuchanov, S., Pichugin, V., & Brinke, G. T. (2006). Phase Behavior of Weakly-segregated Multiblock
Copolymers with Two-scale Periodic Architecture. Europhysics Letters %28EPL%29, 76(5), 1 - 31. [012].
Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).
Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.
Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.
Download date: 12-11-2019





Phase Behavior of Weakly-segregated Multiblock 
Copolymers with Two-scale Periodic Architecture 
 
Semion Kuchanov 1, 2 *, Vladimir Pichugin 1, Gerrit ten Brinke 3
 
1 Department of Physics, Lomonosov Moscow State University, Vorobjevi gory, 
119992, Moscow, Russia; Fax: +7(095)9392988; kuchanov@polly.phys.msu.ru  
2 Keldysh Institute of Applied Mathematics, Miusskaya Square 4, 125047, Moscow, 
Russia; kuchanov@orc.ru 
3 Department of Polymer Chemistry and Material Science Center, University of 
Groningen, Nijenborgh 4, 9747 AG Groningen, The Netherlands; Fax: 
+31(0)503634400; G.ten.Brinke@chem.rug.nl 
 
(Received: 4 November, 2005; Published: 6 May, 2006) 
 
Abstract: The phase behavior of a melt of periodic two-scale multiblock copolymers 
has been theoretically studied in the framework of the Weak-Segregation Limit 
theory. The effect of the structural symmetry of the macromolecules on the vertex 
functions of the Landau free energy expansion is considered in detail. The 
existence of a thermodynamically stable mesophase with a two length-scale space 
periodicity has been revealed for a melt of monodisperse periodic heteropolymers. 
 
 Introduction 
It is common knowledge that the molecular architecture of macromolecules exerts a 
major influence on various properties of block copolymers including elastomeric 
behavior, melt rheology, and toughness [1]. The most architecturally simple among 
binary linear block copolymers are those whose molecules consist of two or three 
blocks. Polymeric chains with a large number of blocks are traditionally referred to as 
multiblock copolymers [1,2], exemplified by segmented polyurethane [3,4] and 
segmented copolyesters [5]. The reaction between functionally terminated oligomers 
(oligomonomers) is a versatile method for producing such block copolymers. To have 
them composed of perfectly alternating segments, it is necessary to use oligomers 
with mutually reactive end groups, e.g., amino- and carboxyl groups. Such oligomers 
can react in the course of their heteropolycondensation only with each other and not 
with themselves. Another possibility for obtaining segmented copolymers is 
homopolycondensation of diblock oligomers terminated by two functional groups of 
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different types. This way of synthesis appears to be more convenient than 
heteropolycondensation where the stoichiometry condition for the initial monomer 
mixture should be strictly met to synthesize products of high molecular weight.  
Involving in a step growth polymerization oligo- or macromonomers with a more 
complicated architecture, it is possible to prepare high-molecular weight multiblock 
copolymers whose chains have a chemical structure other than that of traditional 
segmented copolymers. Of particular interest in this respect are multiblock 
copolymers obtained by homopolycondensation of macromonomer in which at least 
one of two types of blocks is characterized by a bimodal distribution for its length. An 
example of such a macromonomer is shown in Fig.1. The structural factor ( )S q  of 
these macromolecules can possess two maxima for some values of the parameters 
 and  [6]. This happens because a macromonomer with the chemical structure 
depicted in Fig.1 has two intrinsic length scales. Clearly, just the same scales will 
characterize the chemical structure of a periodic multiblock copolymer obtained by 
polycondensation of this macromonomer. The question arising here is to which extent 
the scattering and phase behavior of melts of the macromonomer  and the products 
of its homopolycondensation will differ. In the simplest case, when the 
macromonomer is a diblock copolymer, such differences are of a quantitative rather 
than a qualitative character [7,8]. Whether this statement remains true for 
macromonomers whose chemical structure is characterized by two intrinsic length 
scales is an open question. So far no theoretical investigations on the 
thermodynamics of such periodic multiblock copolymers have been reported in 
literature. In the present paper such an examination is carried out in the framework of 
the Weak-Segregation Limit (WSL) theory for an incompressible melt of copolymers 
with chemical structures presented in Fig.1. One of the prime objectives we pursued 
analyzing theoretically the phase behavior of this system is to reveal the possibility of 
the existence of thermodynamically equilibrium mesophases, showing two different 
scales of the space periodicity. Simple physical considerations testify that this 
hypothesis is not without ground. 
m n
 
Fig. 1. A macromolecule with two intrinsic scales of space periodicity [6]. 
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Indeed, the order-disorder transition (ODT) in this system is of second order. It 
occurs on the spinodal where the spatially-homogeneous state looses its 
thermodynamic stability with respect to the fluctuations with some wave vector ∗q  
having modulus . Essentially, the structural factor attains its maximum just at this 
value . The ODT results in the formation near the spinodal of a mesophase 
wherein the density distribution of units of each type is described by a periodic 
function with period 
q∗
q∗
1 q∗  . If the structural factor has two maxima at points  and 





( )S q  is larger. Here we are obviously dealing with a system whose spinodal curve 
has two branches corresponding to long and short scales of space periodicity, 
respectively. The most intriguing phase behavior of such a system should be 
expected in the vicinity of the line of double spinodal points (DSP) defined by 
equation ( ) ( )*LS q S q= *S . On this line, two modes are excited simultaneously, the 
exponential growth of which saturates due to their interaction. Its specificity 
predetermines which particular mesophase will be formed as a result of the ODT. A 
two-scale mesophase is expected to be thermodynamically more preferable, 
provided modes of different scales interact noticeably stronger than one-scale 
modes. Otherwise the formation of some one-scale mesophase will be preferred. 
To the authors knowledge, the theoretical consideration of two-scale mesophases 
has been carried out only in papers [9-15]. Using the WSL approach, De la Cruz et al 
[9,10] found the hexagonally perforated lamellar (HPL) mesophase to be stable for 
the incompressible melt of monodisperse diblock copolymers. Subsequent research 
[11] has thrown doubt on this conclusion. The possibility of the formation of stable 
two-scale mesophases has been predicted in melts of polydisperse segmented 
copolymers by Semenov et al [12,13]. However, from the results reported in these 
papers it ensues that one of the scales of space periodicity becomes infinitely large in 
the absence of polydispersity. Therefore such an approach does not permit 
describing two-scale mesophases in incompressible melts of monodisperse 
multiblock copolymers. 
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The first attempt to provide in the framework of the WSL approximation a description, 
free from uncontrollable assumptions, of two-scale mesophases in melts of multiblock 
copolymers was undertaken by Nap [14]. He managed to rigorously derive the 
expressions relating the coefficients of the amplitude expansion of the Landau free 
energy with the vertex functions of this functional for three particular two-scale 
mesophases.  Later a general algorithm was put forward [15] to write down 
analogous expressions for any mesophases with a two-scale space periodicity. 
In the present paper we employ this algorithm for calculating the coefficients of the 
amplitude expansion of the Landau free energy for periodic multiblock copolymer  
schematically depicted in Fig.2. With these coefficients calculated for different 
mesophases, we construct phase diagrams of its incompressible melt as a function of 
the structural parameter  for m 6n = . 
 
Fig. 2. Repeating fragment of an infinite block copolymer macromolecule. 
 
The article is organized as follows. In the second Section, the microscopic WSL 
theory is briefly discussed for an incompressible melt of binary monodisperse block 
copolymers with long blocks. The third Section considers the types of symmetry of 
the chemical structure of these copolymers. The next two Sections study the effect of 
such symmetry of macromolecules on their correlation characteristics. In the sixth 
and seventh Sections the approach advanced is used to calculate the morphology 
diagrams and phase diagrams of two-scale periodical multiblock copolymers of a 
particular chemical structure. 
 
Microscopic WSL theory 
A consideration of the thermodynamic behavior of an incompressible melt of binary 
heteropolymers in the framework of the WSL theory [16-20] is based on the 
expansion of the Landau free energy functional [ ]L ψF  in powers of the order 
parameter (OP) ( ) ( ) ( )1 2ψ ψ ψ= = −r r r . The latter equals the deviation of the 
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local density ( )1ρ r  of units  from its average value 1M 1ρ , divided by overall 
number M  of monomeric units of both types,  and . As is customary in the 
WSL theory [16-20], we truncate the expansion of functional 
1M 2M
[ ]L ψF  at the fourth 
order term. In the Fourier representation, this expansion looks as follows 
( ) ( ) ( ) ( ) ( ) ( )
{ }
( ) ( ) ( ) ( ) ( ) ( )
{ }
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Here T  stands for the temperature in energetic units, ( )Kδ q  is the Kronecker delta, 
and ( )qψ~  represents the Fourier transform of OP, while ( ) ( )2 1 2,Γ q q% , 
( ) ( )3 1 2 3, ,Γ q q q%  and ( ) ( )4 1 2 3 4, , ,Γ q q q q%  denote the second, third and fourth order 
vertex function, respectively. 
 
Functions ( )3Γ%  and ( )4Γ%  are controlled exclusively by the chemical structure of 
macromolecules of the block copolymer under examination, whereas ( )2Γ%  depends 
in addition on the temperature [16-20]. The chemical structure of a macromolecule is 
known to be completely characterized by the set of chemical correlators [21,22]. The 
simplest among them, the two-point correlator 
( ) ( )
1 2
2Yα α ξΔ , represents the probability 
for a pair of monomeric units located at distance ξΔ  along a macromolecule to be of 
types 1α  and 2α . The three-point correlator ( ) ( )1 2 33 1 2,Yα α α ξ ξΔ Δ  is equal to the 
probability for a triple of units located at distances 1ξΔ  and 2ξΔ  to be of types 1α , 
2α  and 3α . The -point correlator with arbitrary  is defined in a similar manner. A 
general algorithm has been formulated [23] that permits expressing the vertex 
function 
l l
( )lΓ%  through generating functions of s -point chemical correlators (gfCC- s ) 





sW y yα α −K  with s l≤ . Making use of this algorithm, we will take into account 
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the specific features of the block copolymers under consideration. Of our concern in 
the present paper are monodisperse block copolymers, all blocks of which are 
sufficiently long. In this case, the variable ξ  characterizing the position of a 
monomeric unit in a macromolecule may be taken to be a continuous rather than a 
discrete variable. So, the expression for gfCC-  can be written down as l
( ) ( ) ( ) ( )
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where the variables  are proportional to the square of the gyration 
radius  of a Gaussian macromolecule consisting of  units with length  









i i i i i
j
a dy R Q R Q
=
= = ≡ = j∑Q Q q     (3) 
The variables 1 2, , , lξ ξ ξK  of in expression (2) represent the distances from the 
midpoint of a macromolecule of length 2 2N d= N  divided by length  of the 
shortest block. The profile 
1d >>
( ) ( )1,2=pα ξ α  represents the probability to find an α -
th type unit at point ξ  of a macromolecule. 
Given the expressions for gfCC- l , one can obtain the vertex functions of expansion 
(1) by means of the following formulas [16-20] 
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Here χ  is the Flory-Huggins parameter, while ( )1−% qαβθ  stand for the elements of the 







α αθ  of tensor ( )lθ%  represents the sum of  items. The first of them is the 
gfCC- l  (2), whereas the rest are obtained from it by permutation of labels of all l  
points of the l -point correlator [24]. Since we are dealing with a melt of 
monodisperse heteropolymers, expressions (4)-(6) do not comprise non-local terms 
[25]. Essentially, the formulas for the vertex functions derived earlier [23] instead of 
tensors 
!l
( )lθ%  contain tensors ( )lX  representing the Fourier transforms of the physical 
correlators of monomeric units’ densities in an individual molecule. Each of these 
tensors is a sum of several items differing by order with respect to large 
parameter , which is specified by the number of coinciding points in the l -point 












α αθ  whose order with respect to this parameter is ( )1l − . 
Therefore, to get vertex functions ( )lΓ%  (4)-(6) of block copolymers with given 
chemical structure, it is necessary to find expressions for !s  functions gfCC-s for all 
s l≤ . This procedure seems to be quite a time consuming computational task. For 
symmetric copolymers, such a calculation, however, is markedly simplified because 
the number of independent components of tensor ( )lW  is smaller in this case. 
 
Symmetry of macromolecules 
When describing various kinds of symmetry of the chemical structure of binary block 
copolymer macromolecules, it is convenient to resort to the terminology accepted in 
the theory of black and white (magnetic) groups [26,27], assuming units  and  
are taken as being colored black and white. Following this theory, asymmetric 
(Fig.3a), symmetric (Fig.3c) and anti-symmetric (Fig.3b) block copolymer 
macromolecules should be distinguished. Mathematically this means that the two 
latter profiles 
1M 2M
( )1p ξ  and ( )2p ξ  satisfy the following relationships 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 1 2 2 1I. , , II. ,p p p p p p p pξ ξ ξ ξ ξ ξ ξ= − = − = − = −ξ
2
 (7) 
According to formulas (7-I), for symmetric macromolecules the profiles of monomeric 
units are invariant with respect to inversion which means the reversal of direction of 
the conventional movement along a macromolecule. In the case of anti-symmetric 
macromolecules, this invariance takes place under anti-inversion when simultaneous 
reversal of direction of such a movement is followed by “recoloring” of the monomeric 
units . All symmetry operations of any macromolecule form its black and 
white point group [26,27]. As a result of such a recoloring, an 
1M M↔
α -th type unit 
becomes an α′ -th type one. It is evident that the midpoint of a macromolecule is 
obviously its centre of inversion and anti-inversion for a symmetric and anti-
symmetric macromolecule, respectively. Note, a necessary (though insufficient) 
condition for the structural anti-symmetry of macromolecules is that the fractions 1X  
and 1X  of units  and  in them equal 1/2. It is easy to show that for anti-
symmetric binary incompressible copolymers, all vertex functions of odd degree, and, 
particularly, 
1M 2M
( ) ( )3 1 2 3, ,Γ q q q% , in the Landau free energy expansion (1) are identically 
equal to zero. 
Apart from point-group operation’s symmetries, for macromolecules of infinite length, 
the translation-invariance symmetry is possible [28]. Such a symmetry is inherent to 
macromolecules whose profiles, ( ) ( )1,2pα ξ α = , are periodic functions with 
period  2L
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( ) ( )2p p Lα αξ ξ= + k       (8) 
where  is an arbitrary integer. Macromolecules, close to periodic ones, can be 
obtained by polycondensation of a large number 
k
1L  N  of identical 
macromonomers with length 2Ld . A fundamental translational repeat unit of such 
periodic macromolecules can be referred to as an elementary cell. Generally 
speaking, any fragment of a macromolecule of length 2Ld  can be chosen as such a 
cell. Obviously, all properties of a periodic macromolecule can be described by 
considering a single cell. It is clear that the fraction of α -type units in a cell coincides 
with component Xα  of the vector of the chemical composition of a macromolecule. 
 
Fig. 3. Properties of structure symmetry of finite (a, b, c, d) and infinite periodic (e, f, 
g, h) macromolecules of binary block copolymers. The cells are depicted for the 
second of them, obtained by polycondensation of the first ones. Symbols 1  and 1′  
denote the centers of inversion and anti-inversion, respectively. Among all elements 
of the symmetry of a macromolecule, the element of the symmetry of an individual 
cell is presented in boldface. 
 
Fig.3 presents some block copolymers exemplifying their structure symmetry. Infinite 
macromolecules (e-h) qualitatively differ from finite ones (a-d) is the possibility of the 
presence in the point group of the first of them of both inversion and anti-inversion 
operations with non-coinciding centers (f, g). Each element of the black and white 
space group [26,27] of a periodic macromolecule represents the product of some 
element of its point group and the operation of translation along the macromolecule 
over an arbitrary interval whose length is divisible by 2Ld . That is the reason why 
the overall number of such centers throughout a macromolecule is infinite, while in an 
elementary cell it is finite. Since for any periodic macromolecule of block copolymers 
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an infinite number of possibilities exists of choosing an elementary cell, the point 
group of this macromolecule is the sum of point groups of the elementary cells 
chosen in all possible ways. For example, different cells of the same periodic 
macromolecule possessing anti-inversion and inversion centers, respectively, are 
depicted in Fig.3f and 3g. Any other choice will result in a non-symmetrical cell. Thus, 
to reveal all elements of the structural symmetry of a periodic macromolecule with 
arbitrary chemical structure, one should specify all different symmetric and anti-
symmetric cells of this macromolecule. It is possible to obtain their complete set by 
shifts in both directions with respect to the midpoint of some fixed cell to the 
distances which are less than half of its length. In doing so, the points of this cell at 
which the midpoints of other cells fall will be the centers of inversion and anti-
inversion of the periodic macromolecule in hand. The above-formulated algorithm will 
be used below to find elements of the symmetry of a block copolymer of two-scaled 
architecture portrayed in Fig.2. 
In what follows we will discuss the simplifications that arise when calculating the 
correlation characteristics of the chemical structure of block copolymers showing 
some structural symmetry. Such characteristics are tensors ( )lW  and 




Polymer chains of finite length 
Let us point out first some general properties of tensor ( )2W  independent of the 
chemical structure of finite macromolecules. There are obvious stoichiometric 
relationships 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 2 212 11 1 21 22 2,W y W y J y W y W y J y+ = + ≡    (9) 
where the following designation is used 
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( ) ( ) ( ) ( )
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By virtue of these relationships, for the calculation of components of tensor ( )2W , it 
will suffice instead of four double integrals to calculate only two double and one 
single integral, because the sum of two single integrals (10) is proportional to the 
Debye function  Dg
( ) ( ) ( ) ( ) ( ) ( ) ( )






I y J y J y d g y






   (11) 
In the case of symmetrical (7-I) and anti-symmetrical (7-II) block copolymers, for any 
values of variable  the following relationships hold y
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2 2 2 212 21 11 22I. , II.W y W y W y W y= =    (12) 
 
 
Periodic polymer chains 
For arbitrary periodic macromolecules with a cell size 2Ld , functions ( ) ( )2W yαβ  can 
be written down as 
( ) ( ) ( ) ( ) ( ) ( )2 2 ,1 2sh
Ly Ly
Ly
N y e R y e R y






+ −= + =−   (13) 
where the following notation is adopted 
( ) ( ) ( )
( ) ( ) ( )
1
2







dR y U y d d
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⎡ ⎤≡ + −⎣ ⎦
∫ ∫
    (14) 
From the first equality of formula (13) it ensues that tensor ( )2W  is the sum of two 
tensors. The first allows for the chemical correlations in the positions of monomeric 
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units inside a cell, whereas the second one takes into account the correlations of 
units of the cell of interest with units of the remaining cells. The division into such a 
sum was noted for the first time in [7] for multiblock copolymer with a cell, which 
architecture coincides with that of a diblock copolymer. At point  the 
components of the first of these two tensors are analytic, while the components of the 
second one have first order pole with residue
0y =
dX Xα β . It is clear that the components 
of tensor 
( ) ( )2W y  are odd functions, and, consequently, the expansion of these 
functions into the Laurent series near point 0y =  contains only odd degrees of 
argument y . 
Of considerable interest is to discuss the asymptotic behavior of the spinodal function 
( )H q  (4) at  and . The numerator of this function is equal to 0q→ q→∞
( ) ( )22 2I y d= y . To analyze the behavior of the denominator at  and 0y→
y→∞ , it is convenient to make use of expression 
( ) ( ) ( )2 dW y X X w y
yαβ α β αβ
= + , where ( ) ( ) ( ) ( )1 , 0w y w y wα βαβ + 0≡ − =   (15) 
connecting generating functions 
( ) ( )2W yαβ  and ( ) ( )2w yαβ  of reducible and irreducible 
chemical correlators, respectively. Recourse to the definition of the elements of the 
structural matrix ( ) ( ) ( ) ( ) ( )2 2q W y W yαβ αβ βαθ = +%  and subsequent substitution of 
relationship (15) for 
( ) ( )2W yαβ  into formula (4) yields a simple expression for the 
spinodal function and its asymptotics at  0q→
( ) ( ) ( ) ( ) 2 2G
1 1 ,
2 2 0
H q O y y R q
w y w y
= ⇒ + =′     (16) 
Using the asymptotic   expression y→∞
( ) 1 2 21dw y X X Oy y
⎛ ⎞= + ⎜⎝ ⎠⎟      (17) 
we arrive at the known [30] asymptotics of the function ( )H q  at  q→∞
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= +      (18) 
As it follows from expressions (16) and (18), the character of the asymptotic 
dependence of vertex function ( )2Γ%  (4) on the modulus  of wave vector  will for 
infinite periodic macromolecules be identical to that for finite macromolecules, 
namely, 
q q
( ) 2H q q−   at  and 0q→ ( ) 2H q q   at . Essentially, the 
proportionality coefficient in the second asymptotics is controlled exclusively by the 
copolymer composition, whereas the coefficient in the first one is governed also by 
the chemical structure of its macromolecules. 
q→∞
 
Effect of the symmetry of the chemical structure on its correlation 
characteristics 
As already mentioned above, in the case of block copolymers of arbitrary chemical 
structure, each component of the tensor-function 





lα αθ q qK% K  represents the 
sum of  items, each being obtained from gfCC-l (2) by a permutation of labels. So, 
this tensor-function possesses, by definition, the symmetry with respect to 
simultaneous permutation of indices and wave vectors of any number of its   points. 
The conditions of structural symmetry and/or anti-symmetry of macromolecules 
establish certain equalities between different components of tensor 
!l
l
( )lW , taken at 
distinct points of ( )1l − -dimensional space { }iy . This is the reason why under 
examination of symmetrical macromolecules, the number of items in the sum defining 
the component of ( )lθ%  will be twice less than . Employment of the relationships of 
the symmetry and anti-symmetry permits writing down the equalities between certain 
components of the tensor-function 
!l
( )lθ% , i.e., to reveal the dependence of its 
symmetry on the structural symmetry of the macromolecules. 
It can be readily shown that from expression (2) and definition (7) of symmetric and 
anti-symmetric block copolymers the following relationships ensue 
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( ) ( ) ( ) ( )
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   (19) 
where subscript iα ′  denotes the type of a monomeric unit resulting from an iα -th 
type unit upon its re-coloring. From formulas (19-II) and the definition of the tensor-
function ( )lθ% , the following relationships between its components for anti-symmetric 
block copolymers ensue 
 
( ) ( ) ( ) ( )
1 1
1, , , ,l l
l l
lα α α αθ θ ′ ′=q q q qK K% %K 1 lK      (20) 
The results of the employment of general expressions (19), (20) in the particular 
cases  and  are presented in appendices A and B, respectively. 3l = 4l =
 
Periodic macromolecule with two-scale cell 
The application of the above-formulated approach will be exemplified below by the 
construction of the phase diagram of a block copolymer whose chemical structure is 
depicted in Fig.2. Its macromolecules are at the same time symmetric and anti-
symmetric. As it is evident from Fig.4, its cell can be chosen non-symmetric (a), 
symmetric (b) and anti-symmetric (c). 
 
 
Fig. 4. Different cells that can be chosen in the periodic block copolymer depicted in 
Fig.2 at . Among all elements of the symmetry of a macromolecule, the 
element of the symmetry of an individual cell is presented in boldface. 
1, 1n m= ≠
 14
 In the case under examination ( ) ( ) ( )22q W yαβ αβθ =% , and among the components of 
tensor 
( ) ( )2W y  only one is independent. ( ) ( )211W y  can be chosen as such a 
component, the expression for which is presented in Appendix C. At , the 
spinodal function 
0q→
( )H q  (4) is described by asymptotic formula (16) where 
( ) ( )( )
3 8 6 2
0
48 2
m n m m
w
m n
+ + −′ = +
n
     (21) 
Particularly, when  this formula reduces to that derived earlier [30]. 1m =
We have calculated classification diagrams of the spinodal function ( )H q  of the 
periodic multiblock copolymer presented in Fig.2 and of the melt of macromonomers 
whose chemical structure is just that of an individual cell. The comparison of these 
diagrams depicted in Fig.5 shows that being qualitatively identical, quantitatively they 
slightly differ. However, the phase behavior of the two systems in hand is expected to 
differ qualitatively. The reason is that the macromonomers under consideration 
exhibit the anti-symmetry property only at 1m = , whereas infinite macromolecules 
obtained by their polycondensation are anti-symmetric for any . For the latter, the 
vertex function 
m
( ) ( )3 1 2 3, ,Γ q q q%  (5) is identically equal to zero for any values of the 
structure parameters  and . In contrast, for the former m n ( ) ( )3 1 2 3, , 0Γ =q q q%  for 
every fixed  on a finite set of values n ( ){ }pcm n  [31]. In the case of non-symmetric 
block copolymers of finite length, the order-disorder transition (ODT) will be of second 
order provided ( )pcm m n= , and of first order when this condition is not met. This is 
one of their most striking distinctions from anti-symmetric periodic block copolymers, 
for which such a transition proceeds by second order for any values of the structure 
parameters. Therefore, the type of ODT is dissimilar between the melt of 
macromonomers in hand and the melt of periodic macromolecules obtained by their 
polycondensation. Essentially, in the melt of macromonomers for which the value of 
parameter  is close to m pcm , the ODT will be a weakly first order phase transition. 
To construct a phase diagram in this case, the WSL theory may be invoked. Far from 
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)points , this theory does not work, because the range of alteration of OP ( pc ,m n
( )ψ r  in a mesophase formed is wide enough, and macromonomers’ conformations 
markedly differ from the Gaussian ones [17]. 








Fig. 5. Classification diagrams of the function ( )H q  (4) for the multiblock copolymer 
shown in Fig.2 (heavy lines) and for a melt of macromonomers having the chemical 
structure of its individual cell presented in this figure (thin lines). Outside every cusp, 
the function ( )H q  has at q q∗=  only one minimum, whereas inside every cusp, it 
has two minima, at  and *Lq q= *Sq q=  ( *Lq q*S< ). Inequalities ( ) ( )* *L SH q H q>  
and ( ) ( )*L *SH q H q<  hold, respectively, in the lower and upper halves of cusps, 
whereas on the dashed lines, the equality ( ) ( )*L *SH q H q=  holds. 
 
Morphology diagram 
As is customary in the WSL theory [16-20], we will search for the minimum of the 
functional (1) on a set of candidate mesophases. Their spatial symmetry 
predetermines the appearance of the trial functions of the OP that are the sum of  k
pairs of harmonics with wave vectors 
( ) ( ){ },i i
k
−q q  and phases { },i i kϕ ϕ−  [16-20]. 
In the framework of the first-harmonic approximation [16-20], the modulus ( )iq  of 
wave vector  equals the modulus of one of the wave vectors corresponding to 
distinct branches of the spinodal, which can be found from the solution of the 
following equations 
( )iq
( ) ( ) ( )sp2 0, 0,H q H q H qχ∗ ∗′ ′′− = = > 0∗    (22) 
Here the spinodal function ( )H q  is defined by formula (4), while spχ  denotes the 
value of parameter χ  on the spinodal. A melt of periodic macromolecules whose 
chemical structure is shown in Fig.1 with values of parameters  and  that fall 
outside or inside the cusp in Fig.4 will be described by one or two spinodal branches, 
respectively. In the latter case, wave vectors with moduli 
m n
Lq
∗  and  correspond to 
these branches. Thus, OP 
Sq
∗
( )ψ q%  in the general case will have two components [15] 
( ) ( )( ) ( )( )
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   (23) 
 
where the designations 
( ) ( )1 2
L L S S 1 2, ,
j jq q k k∗ ∗= = +q q k=  are employed. If any 
of the amplitudes, A  or , vanishes, the mesophase (if available) associated with 




( ) or  ( ). A mesophase with OP having two nonzero amplitudes will 
be referred to as a two-scale mesophase [32]. Substitution of functions (23) into 
expression (1) reduces this functional to the function representing the amplitude 
expansion of the Landau free energy whose coefficients are controlled by both 
spatial symmetry of the candidate mesophase and the chemical structure of the 
macromolecules in point [15]. Successive minimization of this function with respect to 
amplitudes
0A ≠ Sq∗ 0B ≠
A ,  and the phases B { }i kϕ  carried out for all candidate mesophases 
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yields a set of local minima, each corresponding to a particular mesophase. That of 
them whose free energy is minimal is thermodynamically stable, whereas the rest are 
metastable. 
The sequence of stable mesophases and values of parameter χ  at the points of the 
phase transitions between them with changing temperature constitutes the phase 
diagram. In the statistical thermodynamics of incompressible melts of block 
copolymers a phase diagram is taken to mean the morphology diagram [33]. The 
latter is constructed in a two- or three-dimensional space of parameters, the set of 
which apart from χ , also includes some parameters of the macromolecular chemical 
structure. Since they are not thermodynamic variables, the morphology diagram is 
not, strictly speaking, a phase diagram. 
In order to construct a morphology diagram of the melt of a block copolymer with 
macromolecules whose chemical structure is shown in Fig.2, we selected the 
following set of candidate mesophases. Within the region of parameters  and  
falling outside the cusp (Fig.5), all candidate mesophases are one-scale ones. 
Among them we examined [with Hermann-Mauguin symbols from Refs.(34,35)] 
lamellar (LAM, 
m n
1 ), hexagonal (HEX, ), Body-centered cubic (BCC, 6p mm 3Im m ), 
BCC2 [36] ( 43I d ), face centered cubic (FCC, 3Fm m ) and simple cubic (SC, 
3Pm m ) mesophases. Since the double gyroid ( 3I a d ) mesophase [37] cannot be 
described in the framework of the first harmonic approximation, it is left out of 
consideration in this paper. The square mesophase has also been left out of 
consideration, because such a mesophase was shown [38] incapable of being stable 
even locally. In the region of structure parameters falling inside the cusp (Fig.5), it is 
necessary to consider the double set of the above-listed one- scale mesophases. 
This is indispensable since each of them can be constructed for wave vectors whose 
modulus is  (mesophase-L) and Lq
∗
Sq
∗  (mesophase-S). Besides, in this region we 
have also examined such two-scale mesophases as stretched hexagonal (StHEX, 
), constrained hexagonal (CnHEX, ), rectangular (REC, ) and 
two tetragonal (TET1 and TET2, 
2c mm 2c mm 2p mm
4P mmm ) mesophases [15]. Crystal lattice of 
each of two latter is obtained from the crystal lattice of the SC mesophase by 
deformation along one of three mutually perpendicular directions. So, the lattice of 
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the TET1 (TET2) mesophase is the result of the compressing (stretching) of the 
lattice of the SC-L (SC-S) mesophase. Expressions for the coefficients of the 
amplitude expansion of the Landau free energy for all mesophases mentioned above 
are reported in paper [15]. As for their numerical values, these can be calculated 
using formulas for the vertex function ( )4Γ%  (6) and the properties of the structure 
symmetry and anti-symmetry presented in Appendices A and B. 
As stated in the foregoing, due to the anti-symmetry of the periodic macromolecules 
of the block copolymer of interest, the ODT in its melt occurs on the spinodal and is 
of second order. However, its morphology diagram (Fig.6) qualitatively differs from 
that for the traditional anti-symmetric macromolecules (i.e., functionally terminated 
diblock copolymers [16] and multi-block copolymer obtained by their 
polycondensation [7]). The fact is that in the melt of the two-scale block copolymer at 
hand, the stable mesophase formed as a result of the ODT can differ from LAM. A 
specific feature of the morphology diagram (Fig.6) is the presence at 
 of secondary first order phase transitions, SC-L TET1 and 
TET1 BCC-S, proceeding with increasing parameter 
3.36 3.40m≤ < →
→ χ  [32]. When its values fall 
in the region between points of these transitions, the two-scale TET1 mesophase 
turns out to be stable having the lowest free energy among all the above-considered 
one-scale mesophases. 
The lines of the first-order phase transitions in Fig.6 are cut off at  because 
the Landau theory becomes incorrect as  gets close to the value  




( )H q  is so flat near its minimum at point Sq q∗= , that fluctuation effects 
begin  to play a dominating role in the system under consideration. 
The existence of the secondary phase transitions in the melt of an anti-symmetric 
block copolymer (which basically can be either first- or second-order) may be 
explained by the competition of modes corresponding to two minima of the spinodal 
function ( )H q . In the region of values of parameter χ  where two one-scale 
mesophases constructed from wave vectors with distinct moduli have close values of 
the free energy, the two-scale mesophase proves to be energetically beneficial as 
compared to any one-scale mesophase. 
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Fig. 6. Morphology diagram of the multiblock copolymer depicted in Fig.2 at 6n = . 
Full and dashed lines denote lines of first and second order phase transitions, 
respectively. Dash-dotted lines separate the boundaries of the regions of the 
mesophases’ stability, while dotted lines corresponds to the inner region of the cusp 
(Fig.5) and double spinodal point. A part of figure a inside the rectangle is shown in 
enlarged scale in figure b. Here crosses denote the points at which extremal values 
of the OP of the stable mesophase presented in Table 1,2 have been calculated. 
The spatial symmetry of the periodic function ( )ψ r  of an arbitrary mesophase can 
be unambiguously characterized by specifying the location of its extremal points in 
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the three-dimensional Euclidean space. Thus the description of the symmetry of the 
continuous OP reduces to that of the symmetry of a discrete crystal lattice with the 
atoms of different sorts. Each of them is associated with a particular extremal 
specified by the number S of positive eigenvalues of the Hess matrix of the function 
( )ψ r  calculated at the extremal. At maxima of the function ( )ψ r  describing some 
mesophase, this number  (known as signature) coincides with the 
Euclidean dimensionality of the crystal lattice of the mesophase in hand. The number 
S vanishes at its minima and assumes one of the values from 1 to ( ) at the 
saddle points of this function. Therefore, for the three-dimensional mesophases 




As is customary in the crystallography [34,35], to specify a -atomic crystal lattice, 
one is supposed to indicate along with the type of the Bravais cell, characterizing the 
translation symmetry of this lattice, also its basis. The latter represents the set of  
vectors pointing to the positions of all atoms located inside this cell. The number of 
ways in which the Bravais cell can be chosen is known to coincide with number l  of 
the classes of equivalence (i.e., orbits of the spatial group) of different sort atoms. 
Essentially, the value  is the same for all the Bravais cells of any crystal lattice, 
though their basises, generally speaking, are different. In the general case, numbers 




k l m k l m≤ ≤ . 
For the crystal lattices of the extremal points of the function ( )ψ r , the extremals of 
distinct signature play the role of the atoms of different sorts. That is why the lattices 
of the three-dimensional mesophases will be four-atomic ( 4k = ). As it follows from 
Figs.7,8, the Bravais cell of the lattice of the SC-L mesophase can be chosen in four 
manners ( ), whereas for the lattice of the TET1 mesophase, there are six 
options ( ) to choose the Bravais cell. The basises for the cells of both 
mesophases consist of eight vectors (
4l =
6l =
8m = ). They are presented for one of the 




















































































Fig. 7. The complete set of the Bravais cells of the SC-L mesophase. Position of 
maxima (red circles), minima (blue circles) and saddles of two signatures (yellow and 
green squares) of the order parameter function ( )ψ r   for the SC-L mesophase. The 
Roman numerals are introduced to distinguish saddles belonging to different 
equivalence classes. 
 
Calculating the values of the function ( )ψ r  at its extremals at varying temperature 
(parameter χ ), it is possible to get an information on the evolution of the metric 
properties of the density distribution of the monomeric units. The inspection of Table 
1 shows that the distribution of OP ( )ψ r  describing the one-scale SC-L mesophase, 
reduced to its maximum value, is independent of the parameter χ . At the same time, 
Table 2 demonstrates that for the two-scale TET1 mesophase, the OP values at 
saddle points do not remain unaltered with the increase of this parameter. Such a 
property, being common to any two-scale mesophase, is absent in the mesophases 



























































































































Fig. 8. Just the same as in Fig.7, but applied to TET1 mesophase. 
 
It can be easily seen from Fig.8 that the spatial distribution of every monomeric unit 
 and  densities in the TET1 mesophase can be presented as a modulation of 
the OP distribution 
1M 2M
( )ψ r  corresponding to the plane SQ-L mesophase. So, the 
wave vector with the modulus  *Sq q=  of the modulating wave is perpendicular to the 
vectors of the translations of the crystal lattice of the SQ-L mesophase. 
It is of interest to compare the results presented in this Section for periodic two-scale 
block copolymer (Fig.2) with those reported in paper [40] for the melt of finite two-
scale block copolymers. The architecture of those macromolecules is similar to the 
architecture of the elementary cell depicted in Fig.2, and is also characterized by two 
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structural parameters  and , whose meaning is similar to that of the parameters 
used in this paper. The classification diagram of the spinodal function of such a 
system is virtually similar to the classification diagram presented in Fig.4. When 
comparing the morphology diagrams of the two above-mentioned systems, it should 
be borne in mind that the two-component OP (23) is not considered in the framework 
of the approach employed in the paper [40]. That is why this approach does not claim 
to provide a description of the phase behavior in the region of the structure 
parameters falling inside the cusp. As for the morphology diagram obtained there [40] 
in the region of the values of structure parameters laying outside the cusp, it almost 
coincides qualitatively with the diagram of Fig.6. The only distinction of the 



























Fig. 10. The set of basis vectors for the Bravais cell depicted in Fig.8a. 
 
 
Tab. 1. Value of the OP ( )ψ r  (reduced to its value in the maximum) for the extremal 
points of the density distribution of the monomeric units in SC-L mesophase (Fig.7). 
Saddles dχ  Max 
I II 
Min 
5.75 1 1/3 -1/3 -1 
5.80 1 1/3 -1/3 -1 
 
 
Tab. 2. Value of the OP ( )ψ r  (reduced to its value in the maximum) for the extremal 
points of the density distribution of the monomeric units in TET1 mesophase (Fig.8). 
Saddles dχ  Max 
I II III IV 
Min 
5.8141 1 0.236 0.382 -0.382 -0.236 -1 
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As in the case of the tensor gfCC-2, the sum of the components of tensors 
( ) (3 1 2,W y yαβγ )  is also controlled exclusively by the length  of a macromolecule 2N
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
2 2 2
3 3
1 2 1 2
1 1 1
3 D 1 D 2
1 2 1 2
2 1
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, 2 2 ,
W y y I y y
g y g y
I y y d y y
y y
I y y d g y y y
αβγ








    (A1) 
where ijδ  is Kronecker delta, while the prime denotes differentiation. 
Anti-symmetric macromolecules 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 3 3 3
111 1 2 222 2 1 112 1 2 122 2 1
3 3 3 3
211 1 2 221 2 1 121 1 2 212 2 1
, , , ,
, , , ,
W y y W y y W y y W y y





   (A2) 
From relationships (20) it follows that for anti-symmetric block copolymers only four 
components of the tensor-function 
( ) ( )3 1 2 3, ,αβγθ q q q%  are independent 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 3 3 3
111 1 2 3 222 1 2 3 112 1 2 3 221 1 2 3
3 3 3 3
211 1 2 3 122 1 2 3 121 1 2 3 212 1 2 3
, , , , , , , , ,
, , , , , , , , ,
θ θ θ θ
θ θ θ θ
= =
= =
q q q q q q q q q q q q
q q q q q q q q q q q q
% % % %
% % % %
,
  (A3) 
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1)   1 2 3 Lq q q q= = =
Independent are two components of this tensor-function 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
3 3
111 1 2 3 222 1 2 3
3 3 3
121 1 2 3 212 1 2 3 112 1 2 3
3 3 3
221 1 2 3 211 1 2 3 122 1 2 3
, , , , ,
, , , , , ,
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   (A4) 
2)  1 2 L 3,q q q q q= = =
Independent are three components of this tensor-function 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 3 3 3
111 1 2 3 222 1 2 3 112 1 2 3 221 1 2 3
3 3 3 3
211 1 2 3 122 1 2 3 121 1 2 3 212 1 2 3
, , , , , , , , ,
, , , , , , , ,
θ θ θ θ
θ θ θ θ
= =
= = =
q q q q q q q q q q q q
q q q q q q q q q q q q
% % % %
% % % %
,
  (A5) 
Symmetric macromolecules
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
3 3 3 3
111 1 2 111 2 1 222 1 2 222 2 1
3 3 3 3
121 1 2 121 2 1 212 1 2 212 2 1
3 3 3 3
112 1 2 211 2 1 122 1 2 221 2 1
, , , ,
, , , ,
, , , ,
W y y W y y W y y W y y
W y y W y y W y y W y y







  (A6) 
It is evident from these formulas that functions ( ) ( ) ( ) ( )3 3 3111 222 121 212, , ,W W W W 3  are invariant 
with respect to the permutation of the variables. The formula for the components of 
the tensor-function 
( ) ( )3 1 2 3, ,θ q q q%  for symmetric block copolymers, is simplified [23] 
( ) ( ) ( ) ( ) ( ) ( ) ( ) (3 3 3 31 2 3 1 3 1 2 2 3, , 2 , , ,W y y W y y W y yαβγ αβγ αγβ βαγθ ⎡ ⎤= + +⎣ ⎦q q q% )   (A7) 
In the general case, all eight components of this tensor-function are 
independent 
1)  1 2 3 Lq q q q= = =
By virtue of relationships 
( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
3 3 3
112 1 2 3 121 1 2 3 211 1 2 3
3 3 3
122 1 2 3 212 1 2 3 221 1 2 3
, , , , , ,
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S2)  1 2 L 3,q q q q q= = =
In view of relationships 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
3 3
121 1 2 3 211 1 2 3
3 3
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The sum of all components of the tensor 
( ) ( )4 1 2 3, ,W y y yαβγδ  is given by 
( ) ( ) ( ) ( )
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Obviously, in this case the following conditions are satisfied 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
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)  (B2) 
From relationships (B2) it ensues that for anti-symmetric block copolymers, only eight 
components of the tensor 
( ) ( )4 1 2 3 4, , ,αβγδθ q q q q%  are independent 
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 (B4) 
It is apparent from formulas (B4) that the functions ( )41111W  and ( )42222W  are symmetric 
with respect to inversion . The formula for the components of the tensor-
function 
1y ↔ 3y
( ) ( )4 1 2 3 4, , ,θ q q q q%  for symmetric block copolymers reduces to 
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By virtue of the independence of only one component 
( ) ( )2W yαβ  of the tensor 
( ) ( )2W y , it is enough to present the expression for the function ( ) ( )211R y  (13) only 
( ) ( ) ( )
( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )
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